CORDES-NIRENBERG TYPE ESTIMATES FOR NONLOCAL 
PARABOLIC EQUATIONS 



YONG-CHEOL KIM AND KI-AHM LEE 



Abstract. In this paper, wc obtain Cordes-Nirenborg type estimates for non- 
local parabolic equations on the more flexible solution space L^{L^) than the 
classical solution space B(Ry) consisting of all bounded functions on MJ. 
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1. Introduction 

1.1. Nonlocal parabolic equations. In this paper, we study Cordes-Nirenberg 
type estimates on the more flexible solution space L'^{Llj) for nonlocal parabolic 
integro-differential equations. In |KLj . we obtained interior C^'"-estimates on the 
solution space B(IR^) for nonlocal parabolic translation-invariant equations, and 
also the reader can refer to |CS1| and jCS2j for the elliptic case. 

Throughout this paper, we consider the purely nonlocal parabolic Isaacs equa- 
tions of the form 

Iu{x, t) — dtu{x, t) := inf sup {Labu{x, t) — dtu{x, t)) 

"■^^ beB 

(1-1) = inf sup f/ Mu,x,y){2 f„V^;^^ dy - dM^.^t)) 

= f{x, t) in 17 X (-T, 0] , < r < T, 

where 17 is a bounded domain in M", /it (u, x, y) = u{x + y, t) + u{x ^ y,t) — 2u{x, t) 
and {cab}{a.b)£AxB IS & family of nonnegative functions with indexes a and b in 
arbitrary sets A and B, respectively. We call such Lab a linear integro- differential 
operator and also we simply write L without indices. 
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We denote by uja{y) = 1/(1 + 1^1"^'^) for a G (0,2) and we write oj := Uag for 
some (To € (1,2). Let ^ denote the family of all real- valued functions defined on 
My M" X (— T, 0]. For u G ^, wc define the mixed norm ||w||^oc(2,i ) by 



sup / \u{x,t)\u}{x)dx. 
te(-T,o] jR" 

Also we denote by L^{Ll) = {u e ^ : < oo}. 

A mapping I : ^ ^ ^ given by m i-^ lu is called a nonlocal parabolic operator if 

(a) Iu{x, t) is well-defined for any u S Cl{x, t) n L^{Ll^), 

(b) Im is continuous on Qr C M^, whenever u € C^(r2r) n L^{Ll^). 

We say that a nonlocal operator I is uniformly elliptic with respect to a family £ 
of linear integro-diffcrcntial operators if 

(1.2) 'M.~^v{x, t) < l{u + v){x, t) — lu{x, t) < M^v{x,t) 

where 'M.^v{x, t) := infLG£ Lv{x, t) and Mjz;(a::, t) := sup^^o Lv{x, t). 

We say that an operator L belongs to £o if its corresponding kernel X G /Co 
satisfies the uniform ellipticity assumption 

(1-3) (2 - < K{x,y,t) < (2 - a)^, < a < 2. 

We consider the corresponding maximal and minimal operators 

^So^[x,t) = sup Lu{x,t) = / -— — dy, 



Xfj.t{u, X, y)+ - A//t(u, X, y)' 



M,, uix.t) ^ mf Luix.t) — I — ' dy. 

^'^^o JM" \V\ 

In the final section, wc shall consider some of the most interesting applications 
as follows; 

• if < A < Cab < A and |VyCQf,| < C /\y\, and Cab{x,y,t) is continuous in (x,t) 
for a modulus of continuity independent of y, then there is some £ > (with an 
estimate depending on |lu||L5y(Li,)) such that a solution u of (1.1) is C^'^. 

• if < A < Cab < A and |VyCab| < C /\y\, Cab is constant in {x, t), and K — 5 < 
1 < A + (5 for a small enough (5 > 0, then there is some e > (with an estimate 
depending on ||u|1l^(li)) such that the solution u of (1.1) is C^''^. 

1.2. Outline. In Section 2, wc introduce the notion of viscosity solutions for nonlo- 
cal parabolic equations and obtain Holder regularities and interior C^'"-estimates 
of such viscosity solutions by applying the result of |KL| (refer to |CS1| for the 
elliptic case). In Section 3, we get boundary estimates and global estimates by 
certain parabolic adaptation of the barrier function which was used in |CS1| for the 
elliptic case. In Section 4, we establish stability properties of viscosity solutions 
and it was proved that if two nonlocal parabolic equations are very close to each 
other in certain sense, then so are those solutions. The parabolic case has time shift 
contrary to the elliptic case, and so this obstacle shall be overcome in this section. 
In Section 5, we obtain C^'"-regularity for nonlocal parabolic equations with vari- 
able coefficients. Finally, in Section 6, we furnish a parabolic version of the integral 
Cordes-Nirenberg type estimates and various applications including C^'" -regularity 
for nonlocal parabolic equations. 
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1.3. Notations. We write the notations briefly for the reader. 

(i) Br = Br{0) and = M" x (-T, 0] for r > and T > 0. 

(ii) Qr = BrX (-r'^,0] and Qr{x,t) = Qr + ix,t) for r > and {x,t) £ RJ. 

(iii) dpilr ■= dx^T U db^T ■= dil x {—r°',0] U x {—r°'} for a bounded domain 
n C R" and T G (0,T]. 

(iv) For {x,t), {y,s) e MJ, we define the parabolic distance d by 

diix,t),{y,s)) = {\x-yr + \t-s\)'^'^. 

(v) For a, 6 G K, we denote by a V = niax{a, b} and a Ab = niin{a, b}. 

2. Preliminaries 
In this paper, we always impose the following assumptions on w; 
(2-1) l + \y\eLl 



(2.2) 



sup LU < CrUj{y). 

BAy) 



The uniform elliptieity (1.2) depends on a class £ of linear integro-differential oper- 
ators. Such an operator L in £ is of the form Lu{x, t) ~ J^^ tJ-t{u, x, y)K{x, y, t) dy 
for a nonnegative symmetric kernel K satisfying 



sup 

(x,t)eR5, 



{lA\y\^)K{x,y,t) dy<C <(x. 



Here the symmetric property means that for each {x,t) g R^, K{x,—y,t) = 
K{x,y,t) for all y G R". 

Let n be a (possibly unbounded) region in M". Then we say that a function 
u : — > R is Lipschitz in space on 11 x (—1,0] ( we write u G C°'^(n x (—1,0]) ), 
if there is some constant C > (independent of x, y) such that 

eq-xlip (2.3) sup \u{x,t) — u{y,t)\ < G\x — y\ 
te(-i,o] 

for any x, y G H. We denote by [u](jo.i^Yi^f^_i qj^ the smallest C satisfying p. Bp . 

We say that a function u : R^, R is in C'^'^{Q{x, t)) for [x, t) G R^, if there is 
a constant M > (independent of (y, s)) such that 

(2.4) \u{y, s) - u{x, s) - {y - x) ■ Vxu{x, s)\ < M\x - 

for all (y, s) G Q{x,t). We denote by the norm the smallest M 

satisfying (2.4). 

The following definition is the parabolic setting of that |CS1| of the elliptic case. 

Definition 2.1. For a nonlocal parabolic operator I and t G (0,T], we define ||I|| 
in with respect to some weight lo as 

\Mx,t)\ 



11-11 - sup 

{{{x,t),u) G Or X Cl{x,t) : ||u||L~(Li) + ll-ullci.HQ^C^.t)) < °°} /^"^ 



where J^q^ - 
some e > 0. 



Assumption 2.2. If Ksi swp^ Ka is the supremum of all kernels corresponding 
to operators in the class then for each r > there is a constant Cr > such that 
suP(x,i)GR5; ^-2(2;, < Crujiy) for any y G R" \Br. 
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Assumption 2.3. There is some C > such that sup^^g^ < C < oo. 

Remark. Assumption 2.3 implies that ||M^|| < C and ||M^|| < C. 

Definition 2.4. Let I be a uniformly elliptic operator in the sense of (1.2) with 
respect to some class £ and let f : — > M 6e a continuous function. Then a 
function u G ^ is upper (lower) semicontinuous on fl x J where J :~ (a, 6) C 
(— T, 0] is said to be a viscosity subsolution (viscosity supersolution) of an equation 
dtu — lu = f on n X J and we write dtu — lu < f [dtu — lu > f) on D, x J in the 
viscosity sense, if for each {x,t) ^ fix J there is some neighborhood Qr{x, C H x J 
of {x,t) such that dt(p{x,t) —Iv{x,t) < f{x,t) ( dt(p{x,t) ~Iv{x,t) > f{x,t) ) for 
V = (plQ^(^x t) + wlRn\Q^(x.t) whenever if g C'^{Qr{x,t)) with Lp{x,t) = u{x,t) and 
ip>u{ip<u)on Qr{x,t) \ {{x,t)} exists. Also a function u is called as a 
viscosity solution if it is both a viscosity subsolution and a viscosity supersolution 
to dfU — Im = / on x J . 

Throughout this paper, we denote rj G (0, 1) by any very small number and we 
set e = 77/2. 

Theorem 2.5. Let a £ (ctqiS) for some ctq G (0)2). If u & L'^{Ll^) is a function 
satisfying 

IsA^^u — dfU > —Cq and IsA'^^u — dtU < Cq in Qi^^, 

then there are some a > and C > (depending only on A, A, n, rj and ag, but not 
on a) such that 

ll"llc°(Qi + .) < C{ sup \u\ + + Co). 

Q1+I7 

Proof. We note that u is continuous on Qi^.,j. Set v = uIq^^^ and w = Mliin\Qj^^. 
Since u = v + w and dtw = on Qi+e, we have that 

(M+ I) - dtv) + M+^w > M+ u - dtu > -Co in Qi+„ 

(M^j) - dtv) + M^^w < M^^u - dtU < Co in Qi+,. 

So it suffices to show that if {x,t) e Qi+e, then \Lvu{x,t)\ < C ||u||ioo(Li_) for any 
L G £0, i-e. we have only to show that if (a;, t) € Qi+e, then 



u{y,t)K{x,±y,t) dy 

y\>l+r] 



< C||w|U|?(Li) 



for any L G Hq. Indeed, we note that |?;| > ^24^,^"* \x\ for any x G -Bi+e and 
y G M" \ -Bi+j,, and so \x ±y\ > \y \ — \x\ > 2(1+ 'i 1^1- Thus we have the estimate 



2(l+>)) 

u{y,t)K{x,±y,t) dy 



y\>l+7, 



J\v\>i+n F±yr+'^ 
This implies that 

M+^v> ^Co-C\\u\\l^^lij and M^^v < Co + C \\u\\l^(^lij in Qi+,. 

Hence we complete the proof by applying Theorem 5.1.2 |KLj to v. □ 
Wc define the class £* of operators L with kernels G /C* satisfying (1.3) such 
that there are some go > and a constant C > such that 

(2.5) sup |Vj,X(x,2/,t)| <Ccj(y) foranyy GM"\Bg„. 
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Theorem 2.6. Let a G [cto,2) /or some (Tq G (0,2). Then there is some go > 
(depending on A, A, do and n) so that if 1 is a nonlocal, translation-invariant and 
uniformly elliptic operator with respect to and u £ L^{LIj) satisfies lu — dtu = 
in Qi+n, then there are some a > and C > [depending only on X,A,n,r] and 
ctq, but not on a) such that 

ll^llci- = (Qi + ,) < C{ sup + ||M||L~(Li)) 

Ql + 77 

where the constant C also depends on the constant in (2.5). 

Remark. We note that it follows from the standard telescopic sum argument [CC| 
and Theorem 2.5 that 

(2.6) McS'^Qi+,) ^ ^{ s'^P 1^1 + 

Proof. The proof of this theorem goes along the lines of the proof of Theorem 12.1 
in jCS2| by applying Theorem 2.5 to the difference quotients in the x-direction 

h, .N _ M(a^ + h,t) - u{x,t) 

for P = a, 2a, ■ ■ ■ ,1. Write w'^ = Wi + W2 where Wi = w^XQr for r e (1 + e, 1 + ?]). 
By Theorem 2.0.4 [KL], we have that M+^w'^ - dtw'^ > and M^.w'* - dtw'' < 
in Qr. Since dtW2 = in Qr for h with \h\ < 1 + jy — r, it follows from uniform 
ellipticity with respect to that we have that 

M+^w'l ~ dtw^ > M+^wJ - dtw'l > M+^w'' ~ M+^w^ - dtw'l > -M+ in Qr, 
M-^w'l - dtw'l < M^.^w'l - dtw'l < M^w'' - M~^w!^ - dtw'l < -M-^w!^ in Qr. 

If we can show that |M^ wl^l V jM"^ < c||u||2,~(li ), then we have that 

MJo"^! " ^t"^'! - and M^^w'l - dfw'l < c\\u\\l^(^lij in Qr 

for h with < 1 + ?? ~ r. Indeed, it can be obtained from the fact that 

I f , .^l\K{x,y,t) - K{x,y ~ h,t)\ 

\u{x + y,t)\ — dy 

-\B, \h\ 

+ / \uix + y + h,t)\K{x,y,t)dy <C\\u\\l^(^lI) 
Jm"\Bp 

for some p > (this can be seen by using (2.2) and (2.5)). Hence u admits the 
required C^'"-estimates on Qi+e in the x-direction. 

Now we are going to show that u is C'^^+"-'/'^-H61der continuous in time, following 
Lemma 2 in [CWj . For (xo,to) G Qi+€, we consider 

u{rx + Xo,r''t + to) ~ u{xQ,tQ) ~ rVu{xQ,tQ) ■ X 
w(x,t) = — 

for small r > 0. Without loss of generality, let us assume that [u]c°'1(Qi+ ) — 1- 
Then w solves the given parabolic equation, and so C^'"-regularity of u in x on 
Qi+,-1 implies [w]qo,i ^^q^-^ < 1 and |it;(a;,0)| < 1 with w{0,0) = 0. Thus as in the 
proof of Lemma 2 |CW| , it easily follows from comparison principle |KLj that w is 
uniformly bounded in Qi, which implies the conclusion. □ 
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3. Boundary estimates and Global estimates 

In this section, wc realize that a moduhis of continuity on the parabolic boundary 
of the domain of some equation makes it possible to obtain another modulus of 
continuity inside the domain. This can be established by controlling the growth of 
u away from its boundary data through barriers, scaling and interior regularity. 

We use a barrier function which was used in |CSlj for the elliptic case and 
adapted to our parabolic setting. This barrier function is appropriate as a superso- 
lution of < for all values of a greater than a given ctq, where M+ denotes 

the maximal operator M^^^ . Another way to say this would be to define a larger 

class £ which is the union of all classes £0(0") for a g {ao,2), then MJ^/j < 0. 
The proof of the following lemma can be achieved by a little modification to our 
parabolic setting (refer to jCSl| ). and so we leave the proof for the reader. 

Lemma 3.1. Let ctq £ (0,2) be given. Then, for any a G (gq^2) and 7 G (0,1), 
there are some a > and r > so small that the function ga{x,t) = (|x| — 1)" 
satisfies M+g^ < -l/[(2'" - 1)7'"] in (Bi+, \Bi) x (-r,0]. 

Corollary 3.2. Let ctq G (0,2) be given. Then, for any a £ (a'o,2) and 7 £ (0, 1), 

there is a continuous function ip defined on such that (a) ip ~ in Qi, (b) ip > 
inR^, (c) Ip > inM.^\Q2, (d) M+ip-dt'ip < and dtip > -[(2'" - 1)7'"]-^ in 
\ ■ 

Proof We consider ip{x,t) = min{7-'", C(|a;| - 1)^;:} + {t + l)-/[(2'' - 1)7^^] for 
some large constant C > and apply Lemma 3.1. □ 

The function ip that we obtained in Corollary 3.2 shall be utilized as a barrier 
to prove the boundary continuity of solutions to nonlocal parabolic equations. We 
observe that ip is a supersolution outside the parabolic cylinder Qi. 

Throughout this section, we denote rj £ (0, 1) by any very small number. 

Theorem 3.3. Let a £ (cro,2) for ctq e (0,2). If u £ L'^{L\) satisfies that 
M^Tu — dtu > —C and 'M.'^u — dtu < C in Qi+,j, 

\uiy, s) - u{x,t)\ < p{{\x ~ yr + 1^ - ^1)'/") 
for every {x,t) £ dpQi and (y, s) £ R^\Qi, where p is a modulus of continuity, then 
there is another modulus of continuity p [depending only on p, A, A, ctq, n, ); 
r] and C , but not on a) such that 

\uiy, s) - uix, t)\ < pii\x - yr + 1* - ^1)^/") 
for every {x,t) £ and {y, s) £ R^. 

Lemma 3.4. Let a £ (o-q, 2) for (Tq £ (0, 2). If u £ L'^(L]^) is a function such that 

M.'^u — dfU > —C in 

u{x,t) - u{xo,to) < pii\x - + \t- toiy^i 

for every {xo,to) £ dpQi and {x,t) £ \ Qi, where p is a modulus of continuity, 
then there is another modulus of continuity p (depending only on p, A, A, cfq, n, ), 
r] and C , but not on a) such that 

u{x,t) - u(xo,to) < p{{\x - + \t- tol)'/") 
for every (xo,io) € dpQi and {x,t) £ RJ. 
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Proof. If we write v = ulg^^^, then as before we have that 

M+v - dtv > -c,, - \\u\\l^(^lij and v - dtv < c,^ + \\u\\ (^^ij in Qi 

Since u is continuous on Qi^^, we may assume that u G B(M^). 

1 

4 



Since CT > ctq > 0, the function p(a;, = i(0V(4-|a;p))+(C+4Aw„(2-cr)i;;|-^)i 



satisfies M+p < — Acj„ + 4Aaj„(2 — cr)-'— § — in Qi, because 

1 — 3^°^ 

< -Aw„ + 4Aw„(2 - cr) 

cr 

for any L G -Co(f) a-nd all (a;,i) G Qi, where a;„ denotes the surface measure of 
5""^ Since dtp = C + 4Aw„(2 - cr)i^^f^ in Qi, we have that 

(3.1) M+{u -p)-dt{u-p)> M+u - dtu - m+p + dtp > XiOn > in Qi. 

Let po be the modulus of continuity of the function -0 in Corollary 3.2 and let pi 
be the modulus of continuity of the function p. By the assumption, we see that 

u{x,t) -p{x,t) - u{xo,to) +p{xo,to) 

^^■^^ < Pii\^ - + it - toD'^n + piii\x - xor + \t- toiy^n 

for every {xq, to) G dpQi and {x, t) G \ Qi. 

Fix any [xq, to) G dpQi. For r > 0, we define p by 

p(r) = inf ( p(37) + pi(37) + ll-u -p - u(a;o,io) +p(xo,to)L^Po( - 
7e(o,i)V V7 

Then we must show that p is a modulus of continuity. We easily see that p is 
clearly monotonically increasing because po is. So we have only to show that for 
any £ > 0, there is some r > such that p{r) < e. Indeed, we choose some 
7 G (0, 1) such that p{3'-f) + pi(37) < e/2, and then choose some r > so that 
\\u — p — u{xo,to) + p{xo,to)\\L'=^ Poif/l) < £/2. Finally, we show that there is a 
modulus of continuity p such that u{x, t) — u{xa, to) < p{{\x — xo\'^ + \t — to\)^^'') for 
any {x,t) G M^. Take any G M^. For 7 > 0, we consider a barrier function 

B{x,t) = u{xo,to) ~ p{xo,to) + pii-f) + piiSj) 

all / \ / \ II , f X ~ Xq t — to 

+ 7 \\u-p- u{xo,to) + p{xo,to)\\^^i'\-xo H — , 

By (3.2) and the definition of ip, we have that 

B{x,t) > u{xo,to) -p{xo,to) +/o(37) + pi(37) > u{x,t) -p{x,t) 

for any (.t, t) G (537(2:0, ^o) H (M^ \ Qi). Also by the definition of ip, we obtain that 
B{x, t) > u{x, t) - p{x, t) for any (x, t) G [W^ \ Qa-y^xo, to)) n (R^ \ Qi). Thus we 
have that B >u-pon W^\Qi. By (d) of Corollary 3.2, we see that M+ip-dfip < 
in Qi/-y{^^^Xo,0) because Qi/-y{-^xo,0) C M.^ \ Qi. We observe that 

M+V^ -dti^<0 in Qi/^f ^^xo,0 ) ^ M+B ~ 9*5 < in Qi, 
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by Corollary 3.2. Taking the infimum on 7, it follows from comparison principle 
(Theorem 2.0.3 in [KL]) that 

u{x, t) - p{x, t) < B{x, t) < u{xo,to) - p{xo, to) + p{{\x - Xol" + \t - to|)'/") 

for all {x,t) € M^, because 

2l;{x,t) < \^p{x,t)-i;{xo,to)\ < po((|x - xoT + |t - to|)'/"),V(a;,t) G M?;. 

Hence we have that u{x,t) — u{xo, to) < p{{\x — xo\'' + \t-to\)^^'') for aU {x, t) e K^, 
where p = pi + p. Therefore we complete the proof. □ 

Lemma 3.5. Let a G (croi 2) /or ctq G (0, 2). If u ^ L'^{LlJ) satisfies that 

M^u — dfU > —C and M^^u — dtu < C in Qi+n, 

\u{y,s)~u{x,t)\<p{{\x~y\^ + \t-s\)^/^) 
for every {x,t) G dpQi and (y, s) G M^, where p is a modulus of continuity, then 
there is another modulus of continuity p (depending only on p, A, A, ctq, n, ), 
77 and C , but not on a) such that 

\u{y,s)~u{x,t)\<p{{\x-yr + \t-s\)'/'^) 

for every {x,t) G Qi and (y, s) G M^. 

Proof. If wc set V ~ uIqj^jj, then as before we have that 

M+v - dfV > -a,, - \\u\\l^(lI) and M^w - 5tw < c,, + ||u||LfP{Li,) in Qi. 

Since u is continuous on we may assume that u G B(M^). Hence it can easily 

be obtained by an adaptation of Lemma 3 in [CSl] to our parabolic setting. □ 
Proof of Theorem 3.3. We apply Lemma 3.4 to both u and —u to obtain 
a modulus of continuity that applies from any point on dpQi to any point in K^. 
Then we use Lemma 3.5 to finish the proof. □ 

4. Some results by approximation 

In this section, we show that two equations which are very close to each other 
in some appropriate way have their solutions which are close by each other on the 
unit cube Qi. 

In what follows, for a function u : M" — > M and a quadratic polynomial p we 
denote by UQ^(^^g^to) P'^QA^^oM +'U''^R^\Qr(xo,to)- The following lemma is an usual 
result in analysis on viscosity solutions, and so we will skip the proof. 

Lemma 4.1. Let 1 be a uniformly elliptic operator in the sense of (1.2) with respect 

to some class £ and let u : My — 5- M 6e a function which is upper semicontinuous 

on fir ■ Then the followings are equivalent. 

(a) u is a viscosity subsolution of In — dtU — f in 1?^ — dtU > f in fir- 

(6) If p is a quadratic polynomial satisfying ulxo^to) = p(a;o,io) and u < p in 

Qr{xa,to) where Qr{xo,to) C fir for some r > and (xo,to) G fir, then we have 

that IuP{xo,to) - dtu'P{xoM) > f{xaM) for uP = '^Q,.(xo,to)- 

We want to show that if IkUkix,t) = fk{x,t) and 1^ — > I, — u and fk ^ f 
in some appropriate way, then Iu{x,t) = f{x,t). 

In the elliptic case |CSlj , the solution space Ll^ is enough for the weakly conver- 
gence of operators Ifc. But, in the parabolic case, the possible substitute L'^{LlJ) 
for the solution space is not enough for it, because solutions for the parabolic 
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case have the tnne shift. Thus we nupose the additional condition C(R^) to get the 
weakly convergence of operators 1^. This makes it possible to obtain the stability 
properties for the nonlocal parabolic case. 

Definition 4.2. We say that Ik converges weakly to I in with respect to u) 
{and we denote by limfe_i.oo Ife =w I in Qr), if for any {xo,to) G there is some 
Qrixo^to) C fir such that 

(4.1) lim IkuP = luP 

fc— f oo 

uniformly in Qr/2i^OTto) for any function of the form ~ Uq ^^.^ where p 
is a quadratic polynomial and u G L^{L}^) fl C(K^). 

Lemma 4.3. Let {I/j} he a sequence of uniformly elliptic operators with respect to 
some class £,. Assume that Assumption 2.3 holds. Let {u^} he a sequence of lower 
semicontinuous functions in such that 

(a) IfeMfe — dtUk < fk in ^t, (b) limfc^.oo Uk = u in the T sense in ^It, 

(c) limfc_^oo \\uk - u\\l^(^lij = 0, (d) limfc^oo 1^ I in VLr, 

(e) limfc_>oo fk = f^ C{flr) locally uniformly in fir, 

if) supfegNSupn^ < C < oo. 
Then we have that lu — dtu < f in ^1^. 

Proof. Let p be a quadratic polynomial touching u from below at a point (x, t) in 
a neighborhood V C ^t- Since {uk} F-converges to u in V,r, there are a cylinder 
Qrix, t) CV and a sequence {{xk, tk)} C Qr{x, t) with lim^^^ d{{xk,tk), {x, t)) = 
such that p touches Uk from below at (x^, t^) (refer to jGDj ). Without loss of 
generality, we may assume that Qr{x,t) is a cylinder so that (4.1) holds for the 
point {x,t). 

If we set {uk)P = ("fc)Q,,(a;,t)j then we have I{uk)P{xk,tk) < f{xk,tk). If we set 
uP. = uP^^^^ ^y then we see that uP{z,q) = {ukX{z,q) and dt{uk)'^{z , q) = dtuP{z,q) 
for any k €N and {z,q) £ Qr{x,t). Take any {z,q) G Qr/i{x,t). Then we have 
that 

\lk{uk)Pr{z,q) - dt{uk)P{z,q) - Iit^(z, g) +dtuP{z,q)\ 

< \Ik{uk)P{z, q) ~ IkuP{z, q)\ + |Ifc<(z, q) - I<(z, q)\ 

< \M+{{uk)P - uP){z,q)\ V |M+« - {uk)P){z,q)\ + |Ifc<(z, g) - I<(z, q) | 

< sup \L{{uk)P - uP){z,q)\ + \IkuP{z,q)-IuP{z,q)\ 
Les. 

< / \ti-q{{uk)r-uP^z,y)\K{x,y,t)dy+\lkuP{z,q)-IuP{z,q)\ 

<Cr [ {\{{uk)P~uP){z + y,q)\ + \{{uk)P-uP){z~y,q)\}u:{y)dy 

+ \lkuP{z,q) - luP{z,q)\ 
<C 2\{uk)Pr{y,q)-uP{y,q)\ sup u{y + z) dy + \IkuP{z, q) - In'; {z,q)\ 

< C\\uk - + \IkuP{z,q) - IuP{z,q)\ -> 

asfc -> oo, by using Assumption 2.3 and (2.2). Since {uk)P £ C'^{Qr{x,t))r\L^{Llj) 
for ah fc 6 N and limfc^oo \\uk ~u\\Lf(Ll) = 0, wc see uP g C'^{Qr{x,t)) nL'^{Ll), 
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and thus luf. is continuous in Qr{x,t). Thus by (4.1) we have that 

ifc) - dtW)p{xk,tk) - iuP{x, t) + dtuP{x, t)\ 

< \Ikiuk)P{xk,tk) - dt{uk)P{xk,tk) - IuP{xk,tk) + dtuP{xk,tk)\ 
+ \IkuP{xk,tk) - IuP{xk,tk)\ + \IuP{xk,tk) - 
+ \dtuPixk,tk) ~ dtuP{x,t)\ ^ 

as fc — )• oo. Since Unife_5.oo d{{xk,tk), {x, t)) = and Umfc_j>oo fk = f& C(rii-) locahy 
uniformly in fir, we have that fk{xk,tk) — > f{x,t). Therefore this imphes that 
luP{x, t) — dtuP{x, t) < f{x, t). Hence we conclude that lu — dtu < / in ^Ir- □ 

Lemma 4.4. Let uP ~ Uq where p is a quadratic polynomial and u G L^{L]^) n 
CiKp). If {Ik} is a sequence of uniformly elliptic operators with respect to some 
class £ satisfying Assumptions 2.2 and 2.3, then there is a subsequence {Ifc^ } such 
that Ikj uf. converges uniformly in Qr/2 ■ 

Proof. Wc have only to find a uniform modulus of continuity for IkjU^ in Qr so 
that the lemma follows from Arzcla-Ascoli Theorem. 

Take any two {x,t), (y, s) G Qr/2 with d((a;,i), (y, s)) < r/S. Then there exists 
some large i? > so that the function ipn G C^(M^) defined by 



1 on Bb. X (-T + 2, 0] 
on R?. \ (Bi^+i X (-r+ 1,0]) 

satisfies ||u — w||2,oo(Li) < {\x — y\'^ + \s — t\y^'^ where v ~ lpbu- So we may assume 
that u G L^{Ll) n CciM.J},). We denote by T^u{x,t) = u{x + z,t) for z G M". By 
the uniform cUipticity of 1^ , we have that 

(4.2) IkuP{x,t)-IkuP{y,t) < M+{uP-Ty_xuP){x,t). 

Also we see that uP — Ty^^uP = in Br/^ix) x t, because 

p{x + z,t) + p[x - z,t) — 2p{x, t) - p{y + z,t) - p{y - z,t) + 2p{y, t) = 
for any z G i?r/4- From (2.2) and Assumption 2.3, for any L G £ we have that 



L{uP - Ty-xUP){x,t) ^ I ^t{uP - Ty-xuP,x,z)K{x,z,t)dz 

[uP{x + z,t) + uP{x ~ z,t)~ 2uP{x, t)] K{x, z, t) dz 

"\S./4 

[uP{y + z,t)+ uP{y -z,t)- 2<(y, t)] K{x, z, t) dz 

•\-B./4 

< Cr{\p{x,t) -p{y,t)\ + \\TxUP - Ty<||ioo(ii)) 

<Cr sup (\p{^,t)-p{r],t)\+ I \T^-^uP{z,t) -uP{z,t)\{ sup w)dz] 

\i-ri\<\x-y\\ JK" S^(2) / 

< mi(|a- - y\) 

where mi is defined as mi{g) = supjg(_^/2.r/2] ^tig) and 



mt{g) = Cr sup 
\i-v\<s 



\p{^,t)-pirj,t)\+ [ \r^_,uP{-,t)-uP{-,t)\u;{z)dz). 
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Thus by (4.2) we obtain that 

(4.3) lkK{x, t) - Ife<(y, t) < mi{\x - y\). 

On the other hand, we now estimate lkuP(i/,t) ~ lkuP(jj, s). Since p and u are 
uniformly continuous on and M", respectively, we easily obtain that 

(4.4) Ifc<(y, t) - Ifc<(y, s) < m^Ht - s\'/^) 

for some modulus of continuity 1112 depending on u but not on 1^. Hence by (4.3) 
and (4.4) we conclude that 

IkuP{x, t) - I,<(y, s) < m{{\x - + \t - s\f^n 

where m((|a; - y]" + \t- s\y^'') = mi{\x - y\) + m2{\t - s\^^'^). Here it is clear that 
m{g) is a modulus of continuity depending on u but not on 1^. Therefore there is 
a subsequence that converges uniformly by Arzela-Ascoli Theorem. □ 

Theorem 4.5. Let {Ik} be a sequence of uniformly elliptic operators with respect 
to some class £, satisfying Assumptions 2.2 and 2.3 Then there is a subsequence 
{Ifc^. } that converges weakly. 

Proof. We first construct a dense subset £ of the set T of test functions given by 

(4.5) T= {uPQy.penn+i,ueL^{Ll)nC{R^)}, 

where H„+i is the set of all quadratic polynomials on R""^^. In order to do this, 
we shall find a countable dense subset of L^(L^) n C(M^). Since u € L^{Ll^), 
without loss of generality we may assume that u G L5?(L^) n C(Ry). For fc G N, 
let Vk be a countable dense subset of C{Bk x [— T, 0]) under the uniform norm 
II • life on Bk X [— T, 0]. If we set V = IJfcli ^k, then 2? is a countable dense subset 
of L^iLl) n C(K^) under the norm on L^{Ll)- indeed, if w G Lf{Ll) n C{W^), 
then we may write u{x,t) = u{x,t)ipk{x) + u(x,t)(l — (pk{x)) where, for k G N, 
(fik G C^{Bk) is a function such that < (^fc < 1 on K", 95^ = 1 on Bk~i and 
(pfc = on E" \ Bk- Fix any e > 0. Choose some N eN and un e C 2? so that 

l|w(l-(pAr)|U-(Li) <e/2, 

||u<^Ar - un\\l^(li) - \\'^\\l^M")\\uipn - un\\n < e/2. 
Thus we have that ||u — un\\l^(li) ^' 

Now we can take a countable dense subset T> := {uj} of L^{Llj) n C(M^) under 
the norm on L^{LIj). The set of all quadratic polynomials is a finite dimensional 
space which has a countable dense subset {pj}. For each k G N, we set Vk.j-^j2 — 
Pji iQa-fc lR5.\Q2_fc ■ Take any e > and any v as in (4.1), i.e. v = Uq^ for some 
p G H„+i and r > 0. Then we choose k so that 2"'^ < r < 2^*^+^ and select some 
ji and j2 such that ||uj2 - "IIl^cli ) < £, and iD^pj-j - £)2p| < \Dj;Pj^ - Dr,p\ < e 
and Ipji — p\ < e in Q2-k. Since the set £ ~ {^'fcjij2} is countable and dense, we 
can arrange it in a sequence vj of the form Vj ~ pjlq^^ + MjlRn^g^. so that for 
each V as in (4.1) there is some Vj such that 

Ik- WjllL-(Li) < e, 
(4-6) sup ID'^w - D'^VjI < efor ah fc = 0, 1,2. 

By Lemma 4.4, for each Vj G f there exists a subsequence Ifc. such that Ifc. (wj) 
converges uniformly in Qrj/2- 
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By a standard diagonalization process, there is a subsequence {1^^} such that 
for each Vj, {Ik-vj} converges uniformly in Qr /2- We call this limit l„Vj{x,t). If v 
is any test function, then there is some j such that v is close enough to vj in the 
sense of (4.2). Take any {x,t) S Qr/2- By the mean value theorem, we see that 

Utiv -Vj,x,y) = / {Dl{v -Vj){{x + Ty) -2sTy,t)y,y)dsdT 
Jo Jo 

for any y G i?,./2. Thus it follows from (2.2), (4.2), (4.6) and Assumption 2.3 that 



Ikv{x,t) -IkVj{x,t) < \ / +/ \ utiv ~ Vj,x,y)Ksi{x,y,t)dy 

< Ce + C||w-WjHi=c.(ii) <Ce. 
for any {x^t) G Qr/2i uniformly in k. Taking i large enough, we thus have that 

\lk^v{x,t) ~l^V.j{x,t)\ < 2£, 

and thus \lk.v{x,t)} is a Cauchy sequence in L°°{Qr/2)- We define l^v{x,t) to be 
the uniform limit of this sequence in Qr/2- Thus we have shown that {Ifcw(a;,t)} 
converges uniformly to I*i'(x) in Qr/2- 

To finish the proof, we must show that the operator I^, can be extended to a 
uniformly elliptic operator for all test functions We note that for any two test 
functions vi,V2 G T, we have that 

M~ivi~-V2){x,t) < Ikivi - V2){x,t) < M+{V1-V2){x,t). 

Passing to the limit in this inequality, we obtain that 

M^{vi - V2){x,t) < I4vi-V2){x,t) < M+{vi-V2){x,t). 

Approximating on an arbitrary test function if as in the proof of Lemma 4.1, we 
can extend I, in a unique way to all test functions ip such that I* is uniformly 
elliptic with respect to £. □ 

Lemma 4.6. For some cr > cq > 1 and 7 G (0, cto — 1), let Iq, Ii and I2 be nonlocal 
uniformly elliptic operators with respect to £^o{<7) satisfying Assumptions 2.2 and 
2.3. Suppose that the boundary value problem 

{Io?i — dtu = in Qi, 
u = h m \ Qi 

has at most one solution u for any h G C(RJ \ Qi) with 

|Ma;,t)| < Af(lV(|xr + |t|)^). 

Given a modulus of continuity g and e > 0, there are a small 5 > and a large 
R > so that if w, u, Ig, Ii and I2 satisfy 

lov - dtv = 0, hu - dtu > ~5, I2U - dtu < 6, ||Ii - loll V III2 - loll < (5 in Qi, 

u = V in \ Qi, 

\u{x,t) - u{y,s)\ V \v{x,t) - v{y, s)\ < g{{\x ~ yl" + 1^ ^ s|)i/") 

for any x G Qr \ Qi and y G M^^ \ Qi, 

Kx,t)| <M(lV(|xr + |i|)^), 
then we have that |u — ti| < £ in Qi. 
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Proof. Assume that the resuh was not true. Then there would be sequences 
{RkjA'^o''}, {ii^},{'^2''}: {r;fc},{?/fc},{wfc},{Ifc} and {fk} such that ^ oo, 
Vk ^ and all the assumptions of the lemma hold, but supg^ \uk — v^l > e. Since 

{Iq'^''} is a sequence of uniformly elliptic operators, it follows from Theorem 4.5 that 
there is a subsequence that converges weakly to some nonlocal operator Iq which is 
uniformly elliptic with respect to the same class £a{a). Moreover we see that {I^''^} 
and {12''"^} converge to Iq weakly, because HIq'^^ — Ij'^' || — > and HIq*^' — Ij'^^ || 0. 

Since g is a modulus of continuity on dpQi of both {uk} and {vk}, by Theorem 
3.3 there is a modulus of continuity g which extends to the full unit ball Q^. Thus 
{uk} and {vk} have a modulus of continuity on Qr^ with Rk — > co. We can find 
subsequences {wfej} and {vk^} which converges uniformly on compact sets, thus 
converging to some function h almost everywhere in R^. Since |ufc^ | V \ vkj \ < g for 
all j where gix,t) = Af(l V + \t\)^), and g £ L^{Ll), it follows from the 
Lcbesgue's dominated convergence theorem that 

lim llwfc - ft.||Ls?(Li) = and lim - /i||L2f(Li) = 0. 

Let u and v be the uniform limits of {u^^. } and {vkj} in Qi, respectively. Since 
supg^ \ukj —Vkj I > £, w and v must be different. By Lemma 4.3, we see that u and v 
solve the same equation Iqu — dtu ~ Iqv — dt'v = in Qi. Thus by the assumption, 
u ~ V which is a contradiction. □ 
Remark. We will apply Lemma 4.6 to a translation- invariant operator Iq. In case 
that Iq is a translation-invariant elliptic operator, the uniqueness for the viscosity 
solution of the boundary value problem was discussed in |CS2j . 

We also obtain the following simplified one of Lemma 4.6. The difference between 
this and Lemma 4.6 is that in Lemma 4.7 we fix the boundary value h, but we do 
not need a modulus of continuity in Qji \ Qi and also on dpQi. 

Lemma 4.7. For some a > ctq > 1 and 7 £ (0, cto — 1), let Iq, Ii and I2 be nonlocal 
uniformly elliptic operators with respect to S^oicr) satisfying Assumptions 2.2 and 
2.3. Suppose that the boundary value problem 

{Iqu — dtu = in Qi, 

has at most one solution u for some function h. Assume that h is continuous on 
dpQi. Given any e > 0, there is some small 5 > { depending on h ) so that if 
u, V, Iq, Ii and I2 satisfy 

Iqw - dfV = 0, liu - dtU > -(5, I2U - dtU < S, - loll V III2 - loll < S in Qi, 

u = V = h in \ Qi , 

then we have that \u — i)| < £ in Qi. 

Proof. We proceed the proof along the same line as that of Lemma 4.6. After 
assuming that the result was not true, we complete it by arriving at a contradiction. 
Assume that there are sequences {Iq*'^}, {I^'^^}, {Ij''''}, {ufc}, {wfc} and {1^} 

such that i-jk —7- and all the assumptions of the lemma hold, but supg^ \uk—Vk\ > e. 
The functions Uk and Vk have a fixed value h outside Qi. Since h is continuous on 
dpQi, by Theorem 3.3 we see that {uk} and {vk} are equicontinuous in Qi- So by 
Arzela-Ascoli Theorem, there is a subsequence which converges uniformly in Q^. 
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Continuing as in the proof of Lemma 4.6, we can take a subsequence such that 
{I^'^''} and {Iq*^^} converges to Iq weakly. Let u and v be the uniform limits of Uk 
and Vk in Qi, respectively. Then we have that supg^ \uk — Vk\ > s. But by Lemma 
4.3, u and v must solve the same equation Iqu — dtu = Iqv — dfV = in Qi. Thus 
we conclude that u ~ v, which is a contradiction. □ 

5. C^'"-REGULARITY FOR NONLOCAL PARABOLIC EQUATIONS WITH VARIABLE 

COEFFICIENTS 

The main concern of this section is to obtain C^'" estimates for nonlocal para- 
bolic equations which are not necessarily translation-invariant. Since our proofs rely 
on rescaling argument repeatedly, a kind of scale invariance will be needed. Even 
if we do not require a particular equation to be scale invariant, we will consider 
our equations within a whole class of equations that is scale invariant for which our 
regularity result up to the boundary is supposed to apply. Our proof on the para- 
bolic case that will be given in this section is based on that jCSlj of the elliptic case 
and the results [KLj of the parabolic case, but the main difference between them 
is to extend the solution space B(R") on the elliptic one to the more flexible space 
i^(L^) on the parabolic one and to use the more wider class of kernels involving 
variables {x,t) G R^. 

The class £ is said to have scale a if whenever the integro-differential operator 
with kernel K{x,y,t) is in £, its rescaled kernel K\{x,y,t) X^^'^ K{x,\y,t) is 
also in £ for any A € (0, 1). For example, the class £o defined in (1.3) has scale cr, 
but the class £* defined in (2.5) does not. 

It is easy to check that if £ has scale a and u solves an equation Iu(x,t) — 
dtu{x,t) = f{x,t) in Q3 that is elliptic with respect to £, then the function 
w^{x,t) = ^u{Xx, X'^t) solves a uniformly elliptic equation 

(5.1) I^,xw^{x,t) - dtw^{x,t) ^ X''fif{Xx,X'^t) in 

with respect to the same class £. Equivalcntly, this condition becomes 

(5.2) h^xwi{x,t) ~ dtwi{x,t) ^ X" fiXx,X''t) inQs; 

that is, Ii^aw— 9tu = A'^/ in QsA. For instance, if Iu(a;, f) = ^t{x,y,t)K{x,y,t) dy, 
then I^_A is given by 

l^^\u{x,t) = / [u[x + y,t) + u{x - y,t) -2u{x,t)\X'^'^'' K[x,Xy,t) dy. 

Here note that the coefficient 11 does not have any effect on a linear operator. 

We will call £1 the largest scale invariant class contained in the class £* satisfying 
(2.5). This is the class of integro-differential operators with kernels K satisfying 

(1.3) such that 

(5.3) sup \\7yKix,y,t)\< for any y G K" \ {0}. 

Then it follows from Theorem 2.6 that an equation Iqu — dtu ~ has interior C^'*^- 
estimates for some /3 > 0, provided that Iq is uniformly elliptic with respect to the 
class £1. 

Our main result in this section is to obtain that if an equation l^'^^u{x)—dtu = is 
uniformly elliptic with respect to a scale invariant class with interior '^-estimates 
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and we have another equation lu — dtu ~ f for a httle perturbation I of I^*'-', then 
this equation also has interior C^'"-estimates for any a £ (0, /3 A (u — 1)). 

Definition 5.1. For a G (0,2) and an operator I, we define the reseated operator 
I^.A o,s in (5.1). Then the norm of scale a is defined as 

sup 

(Ai,A)e[l,oo)x(0,l] 

where \\ ■ \\ is the norm defined in Definition 2.1. 

Remark 5.2. From (5.2), we see that - = sup;,g(o - if^W 

The rescaled operator imphes that if u solves the equation \u — dtu = / in 
then the rescaled function w^{x,t) ~ iJ.u{Xx, X"'t) solves an equation of the same 
ellipticity type If,,xw^{x,t) - dtw^{x,t) = X" fif{Xx, X'^t) in Qi- 

The following theorem is the main result of this paper. 

Theorem 5.3. Let a E (cro,2) for CTq G (1,2) and let I^"-* be a fixed translation- 
invariant nonlocal operator in a class £ C £o(c) with scale a. Suppose that the 
equation I^^^^u — dtU = in Qi+n has interior C^'^ -estimates. Let I^^' and I^^-* be 
two nonlocal operators which are uniformly elliptic with respect to £o(c) ^.i^d assume 
that - I^'^'llcr < 5 for some 6 > small enough and fc = 1,2. // w € L^{Llj) 
solves the equations 

I'-^'m — dtu > fi and I^'^^u — dtu < /2 in 

for functions /i,/2 G B(Qi_|_^), then u G C^'°'{Qi+e) for any a € (0,;9 A (ctq — 1)) 
and there is a constant C > (depending only on ctq, A, A, 77 and the dimension but 
not on a) such that 

(5.4) ll"llci-°(Qi+,) < C{ sup \u\ + \\u\\l^^lij + (sup |/i|) V (sup I/2I)). 

Proof. We note that u is continuous on (5i+^. We write u = v-{-w where v = uIq^^^ 
and w = mIr^^Qj^^. Then we easily see that 

I^^->v - dtv > -\\u\\l'^^lI) - {sup |/i|)V(sup I/2I) 

Qi+v Qi+1 

in Qi+e- Similarly, we have that 

I(''t'-9t«< lkllL??(Li) + (sup |/i|)V(sup I/2I) 

Ql + r) Ql + r7 

in Qi+e. So we might use v instead of u. 

We now select some A > small enough so that 

„ (1-<t)(,S-qi) 1 + 01 

A''-" + Co2- — ' — ^A"i-"2^ < 1, 
(^•^) „ („-i)(i+„i) 

^P-a ^ 2 ^^A"i""(3 + Ci3 + C„,,3) < 1. 

Take any e > with e < A^+^. Then we choose 5 — 5{e) > small enough as in 
Lemma 4.6. By scaling, without loss of generality, we may assume that 

ll'^llL5?(Li,) + (sup l/il) V (sup I/2I) < (5 and sup |u| < 1 

Ql + r? Ql + r? 

and u solves the equation in some large cube Qr. 
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such that 



(5.6) 



By [C], it suffices to show that there are some A G (0, 1) and a sequence of hnear 
functions 

ikix, t) = ak + (bk.x) + Cfc t 

sup|M~4| < A^(i+"\ 

\ak+i - ak\ < X^^'+^K 
X^lbk+i - bk\ < C2X''^'+"K 

Set 4 = 0. Then we note that |uo| < 1 in Qi and \uo{x,t)\ < {\x\'^ + |t|)^^ for 
any {x,t) G \ Qi. We now continue the proof by the mathematical induction. 
Assume that (5.7) holds for fc-step. We shall show that they are still working for 
(fc + l)-step. We set 

, , u(A'=a;,A'='^t) -4(A'=a;,A'='"t) 
= x^iTT^) ■ 

Since the class £ has scale cr, Ufc solves equations of the same cUipticity type as 
follows; 

I^^'>uk{x,t) ..Uk{x,t) > A'=('^-i"")/i(A'=a;,A''^-t), 



(5 7) 

if j.fc(x,t) ■.^l^^l,,^^,^^,uk{x,t) < A^('^-i-")/2(A'=x,A^^t). 



We observe that the right hand side (5.8) is getting smaller as k increases. Thus 
we have that 

ii4^^-ii"^ii<iii«-i(")iu<<5. 

Let ai G {a,f3 A {(Tq — 1)) be given. By the inductive assumption, we see that 

\uk\ < 1 in gi and \uk{x,t)\ < {{xl" + \t\)^ for any {x,t) S M^; \ Qi. Then we 
shall construct functions £k+i{x,t) and Uk+i{x,t) so that 

\uk+iix,t)\ < (|xr + |t|)^ for any {x,t)eW^\Qi. 

Since u is uniformly continuous on Qi^^^, we may take some R = R{e) > (as in 
Lemma 4.6) so that u admits a modulus of continuity g satisfying 

\u{x,t)^u{y,s)\<g{{\x~yr + \t-s\)'/'') 

for any {x, t) G {Qr.\Qi) and {y, s) G \ Qi. Then we apply Lemma 4.6 to the 
function g which solves 

flfs- 9*3 = inQi, 
\g = Uk in RJ^ \ Qi 

to obtain that supg^ \uk — g\ < e. By the assumption, we note that if has interior 

C^'^^-estimates. Let g{x,t) ~ a + (b, x) + ct he the linear part of g at the origin. 
Then we see that |a| < 1 + e, because supg^ IffI < 1 + £• By the C^'^-estimates of 
g, we have that 

(5.8) \g{x,t)-g{x,t)\<Co{\x\- + 111)"^ 
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for any {x,t) G Qi/2- Since g( — ^,0) = a+ —\b\, by (5.9) we have the upper bound 

2|6[ 2 

of b as follows; 

|6| < 2|5(-^,0) - g(-^,0)| +2|(7(-^,0)| +2|a| 
" '^2|fo| ^ ^2|6| ^' '^2|&| ^' ' ' 

= Co2-^ + 4(l + £) :=C^. 

From the fact that ^(O, —4^°") = a — 4~'^c, by applying (5.9) again we obtain that 
|c| < 4'^(4"(^+'') + 2(1 + e)) := C^-^^g. Then we can derive the estimates as follows; 

(5.9) 

(e + Coilxl" + \t\)^, {x,t)&Qi/2, 
\uk{x,t)-g{x,t)\< le + 2 + Cp + Caj3, ^ (a;, i) £ Qi \ Q1/2, 

We now set 

£k+i{x,t) = ik{x,t) + X'^^^+^^iX-'^x, X-'-'t), 

, , w(A'=+ia;,A('^-+i)'^t)-4+i(A'^'+i.T,A(^+i)"0 
(5.10) ufc+i(x,t):= ;^(fc+i)(i+a) 

_ Uk{Xx,X''t) - g{Xx,X'^t) 

= ■ 

Then it follows from (5.6) and (5.10) that 

(5.11) 

\uk+i{x,t)\ 

r A^-" + Co2^(^-"^)A«i-"(|xr + \t\)^, {X,t) G Q;,-l/2, 

< } 2^(i+"i)A"i-"(3 + C^ + a,^)(|xr + |f|)^, (a:,<) \Qa-V2: 
[xP-^ + A"i-«(2 + C^, + a,^j)(|xr + \t\)^, ix,t) G M'^ \ Q),-i, 

and moreover |wfc+i| < 1 on Qi and \uk+i{x,t)\ < (|x|'^ + |f|)~5^ for any {x,t) G 
\ Qi. Also, we obtain (5.7) from (5.11). Finally, it follows from (5.11) that 

w(x,t) -4+i(x,i) = A('=+i)(i+")^.fe+i(A-(^+i)x,A-(^-+i)'^t) 

for any (x,t) G Q\k+i, and thus we conclude that 

sup \u-£k+i\ < A^^^'+i'^i+^^suplufc+il 

< ;^(fe+l)(l+a)^ 

Hence we complete the proof. □ 

6. CORDES-NlRENBERG TYPE ESTIMATES AND APPLICATIONS 

We furnish various concrete applications of the previous results in this section. 
Our proofs on the parabolic case are based on that }CSlj of the elliptic case and the 
results |KL| of the parabolic case, but the main difference between them is in that 
we extend the solution space B(R") on the elliptic one to the more flexible space 
L^{LIj) on the parabolic one and use the more wider class of kernels involving 
variables {x,t) G R^- 
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6.1. a parabolic version of the integral Cordes-Nirenbcrg type estimates 

When the equation is linear and close to an operator in £i in an appropriate way, 
we shall obtain the regularity results of its viscosity solutions. This is a parabolic 
version of the integral Cordes-Nirenberg type estimates. 

Theorem 6.1. For a £ (0,2), let u L'^ {L^) be a viscosity solution of the equation 
lu-dtu:^ / fi.{u,-,y) rw^TZ ay - dfU ^ } m Qi+^j, 

jk" \y\ 

where f S B((5i+,)). Suppose that there is some 5 > small enough such that 
(6.1) sup sup \c{x,y,t) - co{x,y,t)\ < 6, 

yGR" {x,t)&Q3 

where cq is a bounded function so that (2 — a)co{x,y^t)/\y\"^'^ satisfies (5.3) and 
(5.4). If u € L^{LIj) is a viscosity solution of the equation 

(2-cr)co(-,y, •) , n n 

^i\u,-,y) \y\n+a dy-dtu = inQi+n, 

then there is some /3 G (0, 1) so that u £ C^'"((5i-)-c) for any a G (0,/3 A (a — 1)) 
and there is a constant C > {depending only on (To, A, rj and the dimension but 
not on a) such that 

ll"llci.°(Qi+,) < C{ sup \u\ + \\u\\l^(lij + sup I/I). 
Proof. We apply Theorem 5.3. In this ease, I^"^ is given by 
I<°)u(a;, = ^ Mt(", X, y)— — ^pf^^^^ 

By the assumption, the operator l'-'^^ is translation-invariant and belongs to £i, 
which is a scale invariant class. By Theorem 2.6, the viscosity solution u £ L^{Llj) 
of — dfU = in Qi+ri has interior C^''^-estimates for some /? S (0, 1). In this 
case, it is easy to see that since the equation is linear and the coefficients do not 
depend on {x,t), the derivatives of the solution u of the equation solve the same 
equation, so that the solutions are actually C^'^ . So, moreover, the solutions u of 
I^^^u — dtu = has interior C^'^-estimates. 

Now we estimate ||I - l'"^||o- := sup^g^Q ||Ii^a — We take any A G (0, 1] 

and set wi ~ u(A-,A'^-) in Take any {x,t) G Q(i+ri)\- Then we compute 

fr T(0)^ t ^\ [ , {2-a){c{x,\y,t)~co{x,\y,t)) 
(li,A -Ii,A)"(a^,i) = / Mu,x,y) -— — dy 

jk" \y\ 

by applying (6.1). By Definition 2.1, we have that 

^(0)n \Ii,xu{x,t) -lflu{x,t)\ 
Pl,A - Ii aII = sup ——r 

((2,,t),«)e.F^^^^^^^^ 1 + ll"llL~(Li) + \m\c^.i(Q,(x,t)) 

/ \l^t{u,x,y)\ dy 
< sup ^ 
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In Definition 2.1, we take functions u sucli tliat + ||w||ci.i(Q5(x.t)) < oo. 

Set u = V + w where v = uIqj^,^ and w = uIrh^q^^^. Since —x ± y G if 
x^y G B^, we see tliat ±j/ S B^{x). So we liave tfiat ^t{v,x,y) = for 
y G i?e(a;) and ^t{v,x,y) = for y G M" \ B^{x). Since B^{x) C -Bi+,, for any 
X £ i?i+e, we obtain that 



</ II. 



1 + 17 



Since w{x,t) = and |a;±y| > \y\ — \x\ > 2(1+^ l^l foi' ^ ^i+e and ?/ £ M"\_Bi+^, 
we have that 

\Mw,x,y)\^^ dy < J^^{\wix + y,t)\ + \wix - y,t)\) dy 



\y\>i+,i '\x + y\''+'' \x-y\'^+'^' 

<C I Ky,t)|l_^dy<Ch|| 

^iyi>i+,, |y| + 



By (6.2), we conclude that ||Ii,a — ^ for any A G (0, 1), and thus we have 
that ||I — l'°''i|cr < C6. If we choose 77 smaU enough, we can apply Theorem 5.3 
and conclude that the equation lu — dfU = / has interior C^'"-estiniates for any 
ae (0,/3A(ct-1)). □ 

6.2. Nonlinear equations 
From Theorem 5.3 and Theorem 2.6, we can easily derive the following result. 

Theorem 6.2. Let a G [cto,2) for ctq G (1,2) and let £i(cr) he the class satisfying 
(5.3) and (5.4). Suppose that u G L^{L]^) is a viscosity solution of the equation 

— dtu ~ in Qi+rj 

and III -1(0) 11^ <5for some small S > 0, where ' is a translation-invariant non- 
local operator which is uniformly elliptic with respect to £1 (cr) and I is an operator 
which is uniformly elliptic with respect to £q. If u G L^[L\,) is a viscosity solution 
of the equation 

lu — dfU = f in Qi+r, 

where f G B((5i_)_,,), then u G C^'"((5i+e) for some small a > and there is a 
constant C > {depending only on ctq, A, A, 77, Ci and the dimension, but not on a) 
such that 

lkllci.°(Qi + ,) < C{ sup |m| + ||u||LJ?(Li) + sup I/I). 

Ql + ri Ql + v 

Remark 6.3. We consider the following operator I given by 

T .r f , J2-cr)(co(-,y, •) + Ca/3(-,2/, •)) , 
l7^:=mfsup/ fi.[u,-,y) — -— dy 
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where cq and Cap are functions satisfying 

C 

A < CQ{x,y,t) < A, \\7yCo(x,y,t)\ < — for any y G M" \ {0} and (x,t) £ MJ, 

\y\ 

sup sup |cq^(x, y, t)| < S for some small 5 > 0. 

Then we see that this is a nonlinear operator which exemplifies Theorem 6.2. 
Theorem 6.4. Let a e [do, 2) for gq e (1, 2) and let \u he given by 

Iw = mfsup/ — — dy 

where X < Cai3{x,y,t) < A, |V.yCQ^(x, y, t)| < C2/|y| and 

sup |cQ^(.Ti,2/,ti) - Cap{x2,y,t2)\ = o(l) as d((a:i , 1 1 ) , (0:2 , ^2 ) ) ^ 

with the parabolic distance d. If u £ L^(i^) is a viscosity solution of the equation 

lu ~ dtu ~ f in Qi+ri 

where f G B((3i+,)), then there are a small a > and a constant C > {depending 
only on ctoi A, A, 77, C2, the modulus of continuity g and the dimension, but not on 
a) such that 

lkllci.°(Qi + ,) < C{ sup |m| + 11^11^=0(^1) + sup I/I). 

Ql + V Ql + rj 

Proof. For each (xQ,to) S Qi+e, we can find a ball Qrixo,to) C Qi+q [r > is 
independent of xq and to) so that 

sup \cai3ix,y,t) - Cap{xo,y,to)\ < S 

{x,t)eQ^{xo.to) 

for some small S > 0. This implies that ||I — 1(2.^ 4^) Ijo- < CS on (3r(a^0j ^o) a-s in the 
proof of Theorem 6.2, where 

T / ■ f ft {2~ a)ccis{xo,y,to) 
Hx„,to}Hx, t) := mf sup / fit[u, x, y) '^V 

" P JR" \V\ 
= I(T(x-xo,t-to)")(^0,io)- 

We now apply Theorem 6.2 with 1^°) = 1(^0, to) scaled in Qr{xo,tQ). Let TV be the 
minimal number of such open balls Qr{xQ^ tg) covering Qi^^. Then we have that 

ll"llci.°(Qi+,) < Cn{ sup |u| + \\u\\l^(^li) + sup I/I). 

Ql + rj Ql + rj 

Hence we complete the proof. □ 

6.3. Nonlinear equations with uon-difFerentiable kernels 

We note that Theorem 5.3 makes it possible to obtain certain results even in the 
translation-invariant case. It was crucial in Theorem 2.6 that every kernel must be 
diffcrcntiablc away from the origin. This condition can be weakened in the following 
way. We establish C^' "-estimates for nonlocal equations that arc uniformly elliptic 
with respect to the class £ consisting of operators with kernels K £ IC given by 

ci{x,y,t) +C2{x,y,t) 



Kix,y,t) = (2-(7)- 
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where A < ci < A, 

C2 

sup sup \c2{x,y,t)\ < S, sup |VyCi(a;, y, <)| < -j— j- for any y e M" \ {0}. 

Theorem 6.5. Let a G [<7o,2) for (Tq G (1i2) and let S > be a small enough 
number (depending only on A,A, C2 and the dimension, but not on a) as in the 
above. If u € L^(Llj) solves the nonlocal equation 

lu - (9tw := mf sup / ^i.{u, ■,y)Kai3{y, ■) dy - dtu = f in Qi+,j 

for f G B(Qi+,,) and {Kafj} C IC, then there are some a > and C > {depending 
only on ctqiA, A,7] and the dimension but not on a) such that 

lkllci.°(Qi+,) < C{ sup |m| + ||-u||ij=(ii) + sup I/I). 

Ql + V Ql + rj 

Proof. Let i G £ be an operator with kernel K. We write K = Ki + K2 where 
Ki = (2 — cr)ci(a;,?/,t)/|?/|"+'^ and set L = + where and are operators 
with kernels and respeetively. Then we see that \\L — L^\r, < c6. If we 
set I'^'u = info, sup^ Lapu, then we have that ||I — I^"^ ||o- < cS, and hence we can 
apply Theorem 5.3 to complete the proof. □ 
Remark. This theorem works for a class which is still much smaller than £9- It 
would be very interesting to determine whether the class £0 has interior C^'"- 
estimates or not. This problem is still left open even for elliptic cases as mentioned 
in [CSlj . Also it would be interesting to answer this problem on the parabolic case. 



6.4. Nonlinear equations near the fractional Laplacian 

We obtain another result in translation-invariant case by applying Theorem 5.3. 
In fact, we obtain C^'"-estimates for nonlinear translation-invariant nonlocal par- 
abolic equations which are sufficiently close to the parabolic fractional Laplacian 
and their ellipticity constants are sufficiently close to each other. This is to improve 
Theorem 2.6 under these conditions. 

Theorem 6.6. Let a G [o"oi2) for ctq G (1,2). Then there are some 5 > Q and 
Po > so that if —5 <A— 1<A— 1<(5, lisa nonlocal translation-invariant 
uniformly elliptic operator with respect to £, and u G L'^(L]^) satisfies lu — dtu = 
in Qi+r], then u G C^'"((5i+(:) for a constant a > (depending only on n and ctq) 
and there is a universal constant C > (depending only on ao,n,r] and the constant 
in (2.5)) such that 

ll"llc2.°(Qi+,) < C{ sup |m| + ||w||i=e(ii) + |I0|) 
Ql+77 

where we denote by 10 the value we obtain when we apply I to the constant function 
that is equal to zero. 

Proof. From Theorem 2.6, we see that u G C^'"((5i+e). Thus the function u 
is differentiable in x on Qi+c. Let w = e ■ S/^u be a directional derivative for 
e G S"~^. We write w — wi + W2 where wi = wIq-^^^ . Then by using the uniform 
ellipticity with respect to £* we easily see that wi solves 

M%_^wi-dtwi > -||u||i~(Li)-|IO|, M'^^wi-dtwi < ) + |I0| in Qi+2,^/3. 
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We now apply Theorem 5.3 instead of Theorem 2.6. Since 1 — d<X<A<l + 5, 
as in (6.2) we easily obtain that 

||M+ +(-A)"/2||^^^^ IIM^^ +(-A)'^/2|[, < c5. 

Thus Theorem 5.3 tells us that w = e ■ S/^u is in C^'" in Qi+e in the x-direction. 
From (2.6) and the local equivalence between W^'°° and Lipschitz continuity, we see 
that supQ^_^^^ |V:,u| < l|u|lcS'^(Oi+J ^ '^i^^PQi+„ 1^1 + Also by (2.7) 

and integration by parts, we have that || V:Eti||/,oo(^i^) < C ||u||ioo(^i ). Moreover, if 
we take e = Va;u/|Va;u| in the above, then we have that 

l|V.u||ci-(Qi+.) < C{ sup \u\ + h|lL5?(Li) + |I0|). 

As in the proof of Theorem 2.6, we proceed C^'"-regularity in the i-direction. 
Since {2 + a)/(j > 1 for such a > 0, we see that 

2 + a-a 2 + a 

a a 

and 0<a<2 + a — CT< 1. By the standard telescopic sum argument argument 
jCC| . we can obtain that u is -Holder continuous in the t-direction. we 

consider the difference quotients in the t-direction 

T/ ,N U{x,t + T) -U{x,t) 
W {X,t) = 7- . 

\t\ 

Then by Theorem 2.0.4 |KLj we have that 

Mj^w"" - dtw'^ > and M^^w"" - dtw'' < in Qi+2^/3. 

So we can now apply Holder regularity(Theorem 2.5) to w'^ . By applying the idea 
of the proof of Theorem 2.6, the C ^ -regularity of u in the i-direction can 
be achieved. This implies that u G C^ °'{Qi+e) in the i-direction. Therefore we 
conclude that u e ^^'"(Qi+e). □ 
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